Abstract. In this article, we thoroughly investigate the stability inequality for Ricci-flat cones. Perhaps most importantly, we prove that the Ricci-flat cone over CP 2 is stable, showing that the first stable non-flat Ricci-flat cone occurs in the smallest possible dimension. On the other hand, we prove that many other examples of Ricci-flat cones over 4-manifolds are unstable, and that Ricci-flat cones over products of Einstein manifolds and over Kähler-Einstein manifolds with h 1,1 > 1 are unstable in dimension less than 10. As results of independent interest, our computations indicate that the Page metric and the Chen-LeBrun-Weber metric are unstable Ricci shrinkers. As a final bonus, we give plenty of motivations, and partly confirm a conjecture of Tom Ilmanen relating the λ-functional, the positive mass theorem and the nonuniqueness of Ricci flow with conical initial data.
Introduction
The purpose of this article is to thoroughly investigate the stability of Ricci-flat cones. To start with, we call a Ricci-flat manifold or cone stable, if for all transverse symmetric 2-tensors h with compact support. In this definition, Rm(h, h) = R ijkl h ik h jl and transverse means ∇ i h ij = 0.
Historical motivations for this notion of stability come from considering the linearization of the Ricci curvature and from computing the second variation of the Einstein-Hilbert functional restricted to transverse-traceless tensors [4] . A more modern motivation comes from the second variation of Perelman's λ-functional [40] . In the case of closed manifolds this second variation is computed in [8] . In the case of non-compact spaces one can use a suitable variant of Perelman's energy functional as explained in [29] .
Stability plays an important role in gravitational physics, see e.g. [24] , and also is of great numerical relevance. Complementing that, our main motivations for the problem under consideration come from questions concerning the regularity of Ricci-flat spaces, from questions about generic Ricci flow singularities, and from a conjecture of Tom Ilmanen relating the λ-functional, the positive mass theorem and the nonuniqueness of Ricci flow with conical initial data. They are all inspired by analogies and disanalogies between minimal surfaces (respectively the mean curvature flow) and Ricci-flat spaces (respectively the Ricci flow), and will be described now.
1.1. Motivation I: Regularity of Ricci-flat spaces. To start with the mentioned analogy, the stability inequality for minimal hypersurfaces,
has a long and successful history. In particular, it plays a prominent role in the work of Schoen-Yau on the structure of manifolds with positive scalar curvature and in their proof of the positive mass theorem [42, 43] . By Almgren's big regularity theorem the singular set of a general area-minimizing rectifiable current has codimension at least 2 [3] . In the case of stable minimal hypersurfaces there is a much better (and in fact much easier to prove) conclusion: the singular set has codimension at least 7 [47] . The number 7 ultimately comes from the Simons cones [48] , cones with vanishing mean curvature over a product of spheres. In analogy with the Simons cones, as computed some time ago by Tom Ilmanen [33] (see also [23] ), Ricci-flat cones over a product of spheres are unstable in dimension less than 10.
In the general case of Ricci curvature, there is a deep regularity theory developed by Cheeger, Colding and Tian, see [10] for a very nice survey (see also the recent work of Cheeger-Naber [11] for very interesting quantitative results). In particular (focusing on the Ricci-flat case here), they proved that the singular set of noncollapsed Gromov-Hausdorff limits of Ricci-flat manifolds with special holonomy has codimension at least 4 (it is conjectured that this also holds without the special holonomy assumption). Given this general regularity theory, it is an intriguing question whether or not an improved regularity occurs in the case of stable Ricciflat spaces.
Motivation II: Generic Ricci flow singularities. Recently, Colding and
Minicozzi proposed a generic mean curvature flow in dimension two [13] . The idea, going back to Huisken, is that very complicated singularities can form in two-dimensional mean curvature flow, but all except the cylinders and spheres are unstable and can be perturbed away. Singularities are modeled on shrinkers, and recently Kapouleas-Kleene-Møller [34] constructed examples of shrinkers with arbitrarily high genus.
Two-dimensional mean curvature flow shares many similarities with four-dimensional Ricci flow. One reason for this is that the integrals |A| 2 dµ and |Rm| 2 dV are scale invariant in dimension 2 and 4, respectively. These integrals show up naturally in the compactness theorems for shrinkers in [14] and [31] and can be estimated using the Gauss-Bonnet formula in the respective dimension. As hinted at in [8] , there is hope that actually all but very few singularity models for four-dimensional Ricci flow are unstable (the known stable examples are S 4 , S 3 ×R, S 2 ×R 2 , CP 2 and their quotients, and presumably the blow-down shrinker of Feldman-Ilmanen-Knopf [20] is also stable). This might lead to a theory of generic Ricci flow in dimension four.
1.3. Motivation III: Ilmanen's conjecture. In July 2008, Tom Ilmanen conjectured an intriguing relationship for ALE-spaces and Ricci-flat cones between:
(1) lambda not a local maximum (2) failure of positive mass (3) nonuniqueness of Ricci flow
He also told us that part of the problem is to find an appropriate definition of Perelman's λ-functional in the noncompact case. We will explain all this later. For the moment, let us just mention that the positive mass theorem [43, 52] does not generalize to ALE-spaces [35] , that Ricci flows coming out of cones have been constructed in [20, 21, 44] , and that nonuniqueness caused by unstable cones has been observed for various other geometric heat flows [32, 22] .
1.4.
Heuristics about proving instability. To prove instability of a Ricci-flat cone, we have to find an almost parallel test variation h (in the sense that the right hand side of (1.1) is small), such that the left hand side is large. To discuss the left hand side, let us diagonalize h = diag(λ 1 , . . . , λ n ) in an orthonormal basis e 1 , . . . , e n and introduce the following curvature condition: The sectional curvature matrix K is the matrix with the entries (no sum!)
Observe that, Rm(h, h) = λ T Kλ, so to make the left hand side large, we have to find a large eigenvalue of the sectional curvature matrix. Note that K is a symmetric matrix with vanishing diagonal. Thus, unless K = 0, there exists at least one positive eigenvalue. Taking into account the interaction with the Hardy-inequality, we thus expect that many Ricci-flat cones in small dimensions are unstable.
1.5. The results. Obviously, flat implies stable. Next, in analogy with the Simons cones, we consider Ilmanen's example of Ricci-flat cones over products of spheres or more generally Ricci-flat cones over products of Einstein manifolds: Theorem 1.1. A Ricci-flat cone over a product of Einstein manifolds is unstable in dimension less than 10.
We also prove: Theorem 1.2. A Ricci-flat cone over a Kähler-Einstein manifold with Hodge number h 1,1 > 1 is unstable in dimension less than 10.
Given Theorem 1.1 and Theorem 1.2, one might guess for a moment that the singular set of stable Ricci-flat spaces has codimension at least 10. However, we manage to show that this naive guess is very wrong. In fact, we prove that the first stable non-flat Ricci-flat cone occurs in the smallest possible dimension (note that every at most 4-dimensional Ricci-flat cone is flat, since every at most 3-dimensional Einstein metric is automatically a space-form):
Note that no weak definition of Ricci curvature is available (see however the recent week definition of Ricci bounded below due to Lott-Villani and Sturm [38, 49] ), but the main point of Theorem 1.3 is that the analogy with stable minimal hypersurfaces breaks down already at the level of cones. To rescue the analogy between minimal surfaces and Ricci-flat spaces, one can of course reformulate this last statement, and conclude that Ricci-flat spaces behave more like minimal surfaces of general codimension.
The above theorems answer the question posed in Motivation I. Related to Motivation II, and also to obtain a more detailed understanding of the problem from Motivation I, we examine the case of Ricci-flat cones over 4-manifolds in greater detail: Besides the one over CP 2 , the other fundamental examples of Ricci-flat cones over 4-manifolds are the one over S 2 × S 2 , the ones over (CP 2 ♯pCP 2 ) (3 ≤ p ≤ 8) with Tian's Kähler-Einstein metrics [50] , the one over CP 2 ♯CP 2 with the Page metric [39] , and the one over CP 2 ♯2CP 2 with the Chen-LeBrun-Weber metric [12] . We prove:
For the cone over the Chen-LeBrun-Weber metric we carried out a computation that strongly indicates that it is also unstable. However, there is one particular step in our computation that relies on a numerical estimate for extremal Kähler metrics using the algorithm of Donaldson-Bunch [5] . Therefore, we state the following as a conjecture and not as a theorem:
As results of independent interest, our computations have applications for Ricci shrinkers. A Ricci shrinker is given by a complete Riemannian manifold (M, g) and a smooth function f such that
for some τ > 0. Solutions of equation (1.4) correspond to self-similarly shrinking solutions of Hamilton's Ricci flow [27] , and they model the formation of singularities in the Ricci flow (see [7] for a recent survey on Ricci solitons). By the formula for the second variation of Perelman's shrinker entropy [40, 8, 9, 26] , the stability inequality for shrinkers is Numerical evidence for this result was already given by Roberta Young in 1983 [53] . Modulo the estimate for extremal Kähler metrics mentioned above, we can also prove: Conjecture 1.7. CP 2 ♯2CP 2 with the Chen-LeBrun-Weber metric is an unstable Ricci shrinker. Theorem 1.6 and Conjecture 1.7 are relevant for developing a theory of generic Ricci flow in dimension four (the instability of S 2 × S 2 and CP 2 ♯pCP 2 for 3 ≤ p ≤ 8 has already been observed in [8] ).
Finally, regarding Motivation III we prove a theorem which we informally state as follows:
, for some unstable Ricci-flat cones over four-manifolds there do not exist instantaneously smooth Ricci flows coming out of them, but possibly there do exist many singular solutions.
To answer (1) ? ⇒ (3) in full generality, one essentially would have to develop a theory of weak Ricci flow solutions first. In Theorem 1.8 we use a suitable noncompact variant of Perelman's energy functional introduced in [29] . For the detailed statement and further explanations we refer to Section 8.
Finally, it would be very interesting to obtain a better picture about the dynamical stability and about the dynamical instability of noncompact Ricci-flat spaces under the Ricci flow. On the one hand, one could try to do some explicit computations for Ricci-flat cones with enough symmetry. On the other hand, one could try to generalize the techniques introduced in [45] and [28] to the noncompact setting.
This article is organized as follows: In Section 2 we collect some basic facts about Ricci-flat cones. In Section 3 and Section 4 we prove Theorem 1.1 and Theorem 1.2 respectively. In Section 5 we carefully investigate the important example of the Ricci-flat cone over CP 2 and prove Theorem 1.3. In Section 6 we analyse the other fundamental examples of Ricci-flat cones over four manifolds, in particular the ones over the manifolds with the Page metric and the Chen-LeBrun-Weber metric. The first part of the proof of Theorem 1.4 and Theorem 1.6 is in that section, while the second part of the proof is based on estimates for extremal Kähler metrics which we carry out in Section 7. In the latter two sections, we also give evidence for Conjecture 1.5 and Conjecture 1.7. Finally, in Section 8 we discuss Ilmanen's conjecture and prove Theorem 1.8.
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Basic facts about Ricci-flat cones
We write x 0 = r, and let (x 1 , ...., x n−1 ) be coordinates on Σ. The non-vanishing Christoffel symbols are:
Thus, the non-vanishing components of the Riemann-tensor are
In particular, the cone is Ricci-flat if and only if
which we will always assume in the following. The basic facts about cones collected here will be used frequently and without further reference in the following parts of the article. Also, we will always assume that all variations are supported away from the tip of the cone (however, this assumption could be relaxed by a standard approximation argument).
3. Ricci-flat cones over product spaces Suppose (Σ 1 , γ 1 ) and (Σ 2 , γ 2 ) are two positive Einstein manifolds of dimension n 1 and n 2 respectively. Then the associated cone (M, g) = C(Σ 1 × Σ 2 ) of dimension n = n 1 +n 2 +1 is indeed Ricci-flat if normalize the Einstein metrics to have Einstein constant n − 2. We will now prove:
is unstable for n < 10.
Proof. Consider the variation (geometrically, this corresponds to making one factor larger and the other factor smaller):
Note that
while the other components vanish. Thus h is transverse-traceless (TT), and
Furthermore, using the notation
. Putting everything together, we obtain
and thus
Recall that C H = 4/(n − 2) 2 is the optimal constant in the Hardy-inequality
Thus, the expression in (3.6) can become negative if and only if
i.e. if and only if n < 10. This proves the theorem.
Ricci-flat cones over Kähler-Einstein manifolds
Suppose (Σ, γ) is Kähler-Einstein with Einstein constant n−2 and, and let (M, g) = C(Σ) be the corresponding Ricci-flat cone of real dimension n.
Proof. The assumptions of the theorem imply that there exists a transverse-traceless symmetric 2-tensor k = 0 on (Σ, γ) with
Consider the variation (this is quite related to the previous section, and geometrically corresponds to making one (1, 1)-cycle larger and another one smaller):
This variation is TT, and we compute
and this expression can become negative if and only if n < 10.
5. The Ricci-flat cone over CP
2
In this section we prove the following theorem:
Theorem 5.1. The Ricci-flat cone over CP 2 is stable. In particular, five is the smallest dimension of a stable Ricci-flat cone that is not flat.
For the proof of Theorem 5.1 we will use the following inequality: Theorem 5.2 (Warner [51] ). On CP 2 with the standard metric we have:
Proof of Theorem 5.1. Write g = dr 2 + r 2 γ as usual. A general variation h can be expanded as follows:
We assume that h is transverse, i.e. div g (h) = 0. With respect to the γ-metric this transversality is expressed by the following equations:
3) 0 = r∂ r B + 5B + div(C).
(5.4)
These relations between A, B and C will be used later. Next, we note that
where the right hand side is computed with respect to the metric γ. Furthermore, a somewhat cumbersome computation yields:
Squaring this out, and using also integration by parts and (5.5) we obtain
where α and β are parameters that will be chosen later. Now, let us estimate the quantities in (5.7) in five steps. First, by Kato's and Hardy's inequality we get γ and Hölder's inequality we obtain
Third, there is one term that we keep as it stands:
Fourth, using (5.3), (5.4), and integration by parts we obtain
Fifth and finally, using the Cauchy-Schwarz inequality and Young's inequality we get
Putting everything together, noting also that the sum of the cross-terms in (5.10) and (5.11) can be estimated by Young's inequality,
we obtain the estimate
Choosing α, β, and ε suitably (e.g. α = 21/5, β = 4, ε = 1 does the job), we conclude that
for all transverse variations h with compact support, i.e. the Ricci-flat cone over CP 2 is stable.
Ricci-flat cones over four-manifolds
In the last section we have seen that the cone over CP 2 is stable. Besides this cone, we have the following fundamental examples of Ricci-flat cones over 4-manifolds: We will now investigate the stability of the Ricci-flat cone over the Page metric and the Chen-LeBrun-Weber metric. As a first step we express our stability integrand in terms of the conformally related extremal Kähler-metric, namely we have the following lemma: Lemma 6.2. For every traceless symmetric 2-tensor h we have the pointwise identity
where the quantities on the right hand side are computed with respect to the extremal Kähler-metric k.
Proof. Since g = s −2 k k, by the usual formulas for the conformal transformation of geometric quantities (see e.g. [4, Thm. 1.159]) we obtain
where the last line is computed with respect to the metric k. Furthermore
and the claim follows.
Let Σ = CP 2 ♯CP 2 respectively CP 2 ♯2CP 2 , and writeh = s −2 h. From now on, we assume in addition div g (h) = 0, that is div(s −2 h) = 0 with respect to the metric k. Using this, the lemma, and integration by parts we obtain
where again the right hand side is computed with respect to the metric k. Since h (1,1) (Σ) > 1, we can find a traceless test variationh that comes from a harmonic (1, 1)-form on the Kähler manifold (Σ, k). Then the Bochner formula gives 0 = ∆h + 2Rm(h, ·) − Rc.h −h.Rc.
(6.5) Furthermore, the conformal transformation law for the Ricci-tensor yields
Finally, a pointwise computation gives the following formulas:
Putting everything together we obtain the following theorem (see also [25] for an alternative proof):
If h is a test-variation as above, then:
Proof. Putting together the above facts we compute
To finish the proof of Theorem 1.6 and Conjecture 1.7 it would be sufficient to prove the pointwise inequality ∆s 2 < 6 for the extremal Kähler metrics conformal to the Page-metric respectively to the Chen-LeBrun-Weber metric (normalized such that the Einstein constant equals 3). To finish the proof of Theorem 1.4 and Conjecture 1.5 an estimate ∆s 2 < 15/4 would be sufficient, as shown by the following lemma.
Lemma 6.4. Let C(Σ, γ) be a Ricci-flat cone over a four manifold and assume there exists a transverse-traceless symmetric 2-tensor h on Σ with
Then the Ricci-flat cone C(Σ, γ) is unstable.
Proof. Consider the variation H = f (r)r 2 h. (6.12) This variation is TT, and we compute
By compactness the assumption of the lemma is also satisfied for some λ strictly greater than 9 4 . Thus
Since the Hardy-constant is C H = 4 9 for n = 5, we can choose f such that this expression becomes negative.
Estimates for extremal Kähler metrics
The purpose of this section is to estimate ∆s 2 for the extremal metric corresponding to the Page metric respectively to the Chen-LeBrun-Weber metric. Some of these estimates also appeared in [25] . We will prove: To prove Theorem 7.1 and to give evidence for Conjecture 7.2 we will employ the fact that the extremal metrics on both CP 2 ♯CP 2 and CP 2 ♯2CP 2 are toric-Kähler metrics. The theory of toric-Kähler metrics is well developed and documented [2] . The main aspect we will use is that a toric-Käher manifold Σ 2m (in our case m = 2) admits a dense open set Σ
• on which the action of the torus is free. Furthermore one may pick a special coordinate system called symplectic coordinates such that
where P
• is the interior of a convex polytope P ⊂ R m known as the moment polytope. In these coordinates the metric is encoded by a convex function u : P
• → R (known as the symplectic potential ) in the following way:
Here the x i are coordinates on the polytope P , θ i are coordinates on the torus, u ij is the Euclidean Hessian of u and u ij is the matrix inverse of u ij .
In general, an r-sided polytope (our polytope P is in fact a Delzant polytope [15] ), can be described by r inequalities l i (x) > 0 where the l i (x) are affine functions of x. As the scalar curvature is invariant under the torus action it is a function of x only. The equations for an extremal metric in these coordinates can be shown to be equivalent to requiring that the scalar curvature is an affine function of the polytope coordinates, i.e.
The constants a i and b can all be worked out a priori from the elementary geometry of the polytope. In order to describe how, for each l i we define a one-form dσ i by requiring, dl i ∧ dσ i = ±dx, where the l i are the functions from above and dx denotes the Euclidean volume form. The one-form dσ i then defines a measure on the edge defined by the l i . We denote the measure obtained on the whole boundary ∂P in this way by dσ. Donaldson proves the following integration by parts formula: Lemma 7.3 (Donaldson [17] ). Let (M, k) be a toric-Kähler manifold with polytope P , symplectic potential u and let s k be the scalar curvature of k. Then for all f ∈ C ∞ (P )
where dσ is the measure defined above.
Clearly the left-hand-side of (7.3) vanishes for all affine functions f . Hence if s k = a 1 x 1 + ...a m x m + b then by successively taking f = x 1 to f = x m and f = 1 we obtain m + 1 linear constraints for the m + 1 unknowns and we can find the a i and b explicitly. A good reference for this is the survey by Donaldson [18] .
Another point to note is that we do not really need to compute two derivatives of the scalar curvature. If g = s −2 k has constant scalar curvature κ, then the conformal transformation law for the scalar curvature in dimension four, gives the equation
Now as ∆s 2 = 2s∆s + 2|∇s| 2 we have 7.1. The Page Metric. The moment polytope of the manifold CP 2 ♯CP 2 is a trapezium T . We shall parameterise it as the set of points x = (x 1 , x 2 ) ∈ R 2 satisfying the inequalities l i (x) > 0 where:
Here a is a parameter that effectively determines the Kähler class by varying the volume of the exceptional divisor. Abreu [1] following Calabi [6] gave an explicit description of the symplectic potential u of the extremal metric k. It has the form:
where l i are the lines defining the trapezium and the function f satisfies
The scalar curvature is then an affine function of x 1 + x 2 and is given by s(x 1 , x 2 ) = c 1 (x 1 + x 2 ) + c 2 where
and c 2 = 6(1 − 3a 2 ) (1 − a) (1 + 4a + a 2 ) .
A computation aided by Mathematica (we emphasize that this and all the following computations involve just polynomials and in principle could be carried out to arbitrary precision without computer aid) shows that the scalar curvature κ of the Page metric g = s −2 k, that is κ = s 3 + 6s∆s − 12|∇s| 2 , equals
Hence the extremal metric occurs in the class where 0 < a < 1 and
This value is a ≈ 0.31408. Plugging this into 7.7 yields the scalar curvature of the Page metric κ ≈ 182.219.
As an aside, LeBrun [36] calculates that the critical Kähler class is the one for which the area of a projective line is 3.1839 times the area of the exceptional divisor. In our toric description the area of a projective line has been scaled to be 1 and the area of the exceptional divisor is a, hence a ≈ (3.1839) −1 ≈ 0.31408. Another neat verification one can do is to compute the volume of the Page metric using the toric description. This is given by
The factor (4π) 2 appears above as the S 1 factors have volume 4π in this description. In Page's original paper [39] he gives the volume V of the metric as V = 150.862Λ −2 where Λ is the Einstein constant. Hence in our case Λ ≈ 45.554 and so κ ≈ 182.219.
Getting back to the original problem, a calculation (aided by Mathematica) shows that 8) with t = x 1 + x 2 and the coefficients α i given by:
Denote by K the supremum of ∆s 2 over T . It can be checked that k occurs for a ≈ 1.958 [12] . In order to calculate the scalar curvature using Lemma 7.3 we compute the integrals
,
Hence, if s k = a 1 x 1 + a 2 x 2 + b then we can find a i and b by solving 
Solving this system the value of a = 1.958 yields the scalar curvature
k k be the Chen-LeBrun-Weber metric. We will now determine the normalization. Since Rc(g) = Λg, the Gauss-Bonnet formula gives
The integral Σ |W g | 2 dV g is conformally invariant, and thus can be computed with respect to the Kähler metric k. The Hirzebruch signature formula reads
and it is a standard fact for Kähler surfaces that |W + | 2 = s 2 /24. Putting things together we obtain
and conclude that
As Vol g (Σ) = 16π 
Ilmanen's conjecture
Let us first explain the relevant background about Perelman's energy functional, and our new variant for the noncompact case: As Ilmanen pointed out, the functional
does not detect counterexamples to the positive mass theorem for ALE-spaces, i.e. asymptotically locally euclidean metrics with nonnegative scalar curvature and negative mass. Here, the mass of an ALE-space of order τ > (n − 2)/2 is defined as
Minimizing sequences w i for λ escape to infinity, giving λ(g) = 0. The solution is to consider instead a noncompact variant of Perelman's energy functional that the second author introduced in [29] . For ALE-spaces, Ricci-flat cones or manifolds asymptotic to Ricci-flat cones it takes the form
where the infimum is now taken over all smooth functions w approaching 1 at infinity in the sense that w − 1 = O(r −τ ) (here, the O-notation includes the condition that the derivatives decay appropriately), where τ > (n−2)/2. In particular, λ nc (g) is strictly positive if the scalar curvature is nonnegative and positive at some point.
We can now formulate precisely and prove the first part of Ilmanen's conjecture:
be a complete manifold with one end, and assume the end is diffeomorphic to S n−1 /Γ × R. Then the following are equivalent: (1) (lambda not a local maximum) There exists a metric g on M that agrees with the flat conical metric outside a compact set such that λ nc (g) > 0. (2) (failure of positive mass) There exists an asymptotically locally euclidean metric g on M such that R g ≥ 0 and m(g) < 0.
Proof. (1) ⇒ (2): Let g be a metric on M hat agrees with the flat conical metric outside a compact set such that λ nc (g) > 0. Note that inf w: w→1
For each metric g we have an elliptic index-zero operator
between Hölder-spaces with weight τ = n − 2 − ε, ε > 0 small. By perturbing the metric a bit we can assume that this operator is invertible. Choosing the perturbation small enough we can also assume that (8.4) still holds. Writing w = 1 + u we can now solve the equation The conformally related metricg := w 4/n−2 g has vanishing scalar curvature and is asymptotically locally euclidean of order τ . Moreover, by a computation as in [29] , the mass drops down under the conformal rescaling, in fact m(g) = m(g) − Using m(g) = 0 and the inequality (8.4) this implies m(g) < 0.
(2) ⇒ (1): Let g be an asymptotically locally euclidean metric on M such that R g ≥ 0 and m(g) < 0. By an ALE-version of Lohkamp's method [37, Prop. 6 .1], we can find a metricg that agrees with the flat conical metric outside a compact set, such that Rg ≥ 0 and Rg > 0 somewhere. In particular, λ nc (g) > 0.
To discuss the second part of Ilmanen's conjecture, let (C, g C ) be a Ricci-flat cone (of dimension at least 3) over a closed manifold. In particular, this is a static (nonsmooth) solution of the Ricci flow. We say that an instantaneously smooth Ricci flow is coming out of the cone, if there exists a smooth Ricci flow (M, g(t)) t∈(0,T ) such that the following conditions are satisfied:
• (M, g(t)) is complete with bounded curvature for each t ∈ (0, T ).
• (M, g(t)) converges to (C, g C ) for t → 0 in the Gromov-Hausdorff sense everywhere and in the Cheeger-Gromov away from the tip.
• There is no negative L 1 -curvature concentration in the tip, in the sense that lim inf t→0 λ nc (g(t)) ≥ 0. Having the static solution and another solution coming out of the cone in particular gives nonuniqueness of the Ricci flow with conical initial data. With the above definition we have: Theorem 8.2. If there is an instantaneously smooth Ricci flow coming out of (C, g C ) then there exists a complete smooth manifold (M, g) that exponentially approaches (C, g C ) at infinity such that λ nc (g) > 0. However, there exist unstable Ricci-flat cones with no instantaneously smooth Ricci flow coming out of them.
Proof. Let (M, g(t)) t∈(0,T ) be the Ricci flow coming out of the cone. Using Perelman's pseudolocality theorem we get a rough decay estimate, and using maximum principle estimates the decay rate can be improved. This is explained in detail in [46] , and the conclusion is that g(t) approaches g C exponentially at infinity. Using this decay estimate, by a similar computation as in [30] , we obtain the monotonicity formula, d dt λ nc (g(t)) = 2
where w = e −f /2 is the minimizer in the definition of λ nc . By the definition from above and the monotonicity of λ nc we obtain λ nc (g(t)) > 0 for t > 0 and (M, g(t)) has the desired properties.
For the final part, let C = C(Σ) be an unstable Ricci-flat cone over closed 4-manifold Σ that does not bound a smooth 5-manifold. From Section 6 we know that there are many such examples. Since Σ does not bound a smooth 5-manifold, one cannot even find topologically a manifold M smoothing out the cone. Thus there is no smooth Ricci flow coming out of the cone.
In full generality, it is an interesting open problem if there exist singular Ricci flows coming out of unstable Ricci-flat cones. To answer it, one has to come up with a good notion of singular Ricci flow solutions first.
